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Scalarization method is an important tool in the study of vector optimization as
corresponding solutions of vector optimization problems can be found by solving scalar
optimization problems. Recently this has been applied by Du (2010) [14] to investigate
the equivalence of vectorial versions of fixed point theorems of contractive mappings in
generalized cone metric spaces and scalar versions of fixed point theorems in general
metric spaces in usual sense. In this paper, we find out that the topology induced by
topological vector space valued cone metric coincides with the topology induced by the
metric obtained via a nonlinear scalarization function, i.e any topological vector space
valued cone metric space is metrizable, prove a completion theorem, and also obtain some
more results in topological vector space valued cone normed spaces.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
The concept of metric, and any concept related to metric play a very important role not only in pure mathematics but
also in other branches of science involving mathematics especially in computer science, information science, and biological
science.
In 1980, Rzepecki [1] introduced a generalized metric dE on a set X in a way that dE : X × X −→ K , replacing the set
of real numbers with a Banach space E in the metric function where K is a normal cone in E with a partial order ≤. Seven
years later, Lin [2] considered the notion of K -metric spaces by replacing the set of non-negative real numbers with a cone
K in the metric function. Twenty years after Lin’s work, Long-Guang and Xian [3] announced the notion of a cone metric
space by replacing real numbers with an ordering Banach space, which is the same as either the definition of Rzepecki or of
Lin. Their discussion of some properties of convergence of sequences and proofs of the fixed point theorems of contractive
mappings for cone metric spaces drewmany authors to publish papers on fixed point theorems of contractive mappings for
cone metric spaces, and on theoretical properties of cone metric spaces.
Rezapour [4], Turkoglu and Abuloha [5], Sonmez [6] and some authors discuss the case in the sense of Long-Guang
and Xian [3] that Y is a real Banach space and called a vector valued function p : X × X −→ Y is a cone metric if
p satisfies (CM1), (CM2), and (CM3) of Definition 2.1 in Section 2. Clearly the lemmas, the theorems, and the corollaries
given in above works related to topological properties are obvious consequences of Theorem 3.2. in Section 3. However
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results related to non-topological properties, namely, metric properties, are not direct consequences of that theorem. Such
a property is a completion conceptwhich involves Cauchy sequences, and so is a non-topological property, which is involved
in Theorem 3.3 in Section 3.
Karapinar [7], Turkoglu et al. [8], and some authors discuss the case in the sense of that Y is a real Banach space and
called a vector valued function ||| · ||| : X −→ Y is a cone norm if ||| · ||| satisfies (CN1), (CN2), and (CN3) of Definition 3.1 in
Section 3. Clearly the lemmas, the theorems, and the corollaries related to topological properties for Banach space valued
cone normed spaces are obvious consequences of Theorem 3.4. in Section 3. However results related to non-topological
properties, namely, norm properties, are not direct consequences of the theorem.
The result that the collection of open subsets of a cone metric space is a first countable Hausdorff topology suggests
we ask if the topology of a cone metric space coincides with an appreciate metric defined on X . There are some proofs
of metrizability of Banach space valued, and topological vector space valued cone metric spaces in the literature proved
independently of each other (see [9,10]), some of which are interesting. The equivalent metric in this paper is different from
the others, much more simple and short (see also [11]).
Our aim in this paper is to prove that any TVS-cone metric space can be metrizable, i.e. the topology induced by the TVS-
conemetric p coincideswith the topology induced by an appreciatemetric, that any TVS-conemetric space has a completion,
and obtain some results in topological vector space valued cone normed spaces.
2. Preliminaries
Let Y be a topological vector space (t.v.s. for short) with its zero vector θE . A nonempty subset K of Y is called a convex
cone if K + K ⊆ K and λK ⊆ K for λ ≥ 0. A convex cone K is said to be pointed if K ∩ (−K) = {θE}. For a given cone K ⊆ Y ,
we can define a partial ordering -K with respect to K by
x-K y ⇔ y− x ∈ K .
x≺K y will stand for x-K y and x ≠ y, while x ≪ y stands for y − x ∈ int K , where int K denotes the interior of K . In the
following, unless otherwise specified, we always suppose that Y is a locally convex Hausdorff t.v.s. with its zero vector θ , K
a proper, closed and convex pointed cone in Y with int K ≠ ∅, e ∈ int K and -K a partial ordering with respect to K .
Beg et al. [12,13] replaced the set of an ordered Banach space by locally convex Hausdorff t.v.s. in the definition of cone
metric and generalized cone metric space. Finally, Du [14] showed that the Banach contraction principles in general metric
spaces and in topological vector space valued cone metric spaces are equivalent.
Now, we first recall the concept of a topological vector space valued cone metric space.
Definition 2.1. Let X be a nonempty set and let a vector-valued function p : X × X → Y , be a function satisfying the
following:
(CM1) θ -K p(x, y) for all x, y ∈ X and p(x, y) = θ if and if only x = y;
(CM2) p(x, y) = p(y, x) for all x, y ∈ X;
(CM3) p(x, z)-K p(x, y)+ p(y, z) for all x, y, z ∈ X .
Then the function p is called a topological vector space valued cone metric (TVS-cone metric for short) on X , and (X, p) is
said to be a topological vector space valued cone metric space.
The well-known nonlinear scalarization function ξe : Y → R is defined as follows:
ξe(y) = inf{r ∈ R : y ∈ re− K}, for all y ∈ Y .
Lemma 2.1 ([15]). For each r ∈ R and y ∈ Y , the following statements are satisfied:
(i) ξe(y) ≤ r ⇔ y ∈ re− K;
(ii) ξe(y) > r ⇔ y ∉ re− K;
(iii) ξe(y) ≥ r ⇔ y ∉ re− int K;
(iv) ξe(y) < r ⇔ y ∈ re− int K;
(v) ξe(.) is positively homogeneous and continuous on Y ;
(vi) If y1 ∈ y2 + K, then ξe(y2) ≤ ξe(y1);
(vii) ξe(y1 + y2) ≤ ξe(y1)+ ξe(y2) for all y1, y2 ∈ Y .
3. Results
A TVS-cone metric space is a generalization of a cone metric space in the sense that the ordered Banach space in the
definition is replaced by an ordered t.v.s. Some properties of a conemetric space are also satisfied in TVS-conemetric space.
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In the setting, we have to deal with neighborhoods while in the former we deal with norm when we are to use the partial
ordering. However, due to the change in the settings, the proofs are not always be analogous to those in Banach space valued
conemetric spaces. In this section,we prove that not only conemetric spaces aremetrizable, but also TVS-conemetric spaces
are, and present a completion theorem.
First we note that for any fixed point in intK , there exists a positive integer m such that 1n c ∈ int K for n ≥ m. It is easy
to see that for any open neighborhood U of zero there is a c0 ∈ int K such that c0 ∈ U . We also note that for each c ∈ int K ,
there exists an open neighborhood U of zero such that c − x ∈ int K whenever x ∈ U .
We will need the results in the following lemma in the sequel.
Lemma 3.1. Let K be a cone in Y . Then the following conditions are satisfied:
(i) λint K ⊆ int K for any positive real number λ;
(ii) int K + int K ⊆ int K;
(iii) K + int K ⊆ int K;
(iv) if a ≪ b and b ≪ c, then a ≪ c for any a, b, c ∈ Y ;
(v) if a-K b and b ≪ c, then a ≪ c for any a, b, c ∈ Y .
Proof. The proofs of assertions are easily obtained by using main properties of a cone, so are omitted. 
To obtain one of our main results that any TVS-cone metric space is a topological space, we prove the following lemma.
Lemma 3.2. Let (X, p) be a TVS-cone metric space. Then, for each c1 ∈ int K and c2 ∈ int K , there exists c ∈ int K such that
c ≪ c1 and c ≪ c2.
Proof. Let c1 ∈ int K , and c2 ∈ int K . Since c1 ∈ int K , there exists an open, convex, and symmetric neighborhood U
of zero such that U ⊂ −c1 + int K . Similarly there exists an open, convex, and symmetric neighborhood V of zero such
that V ⊂ −c2 + int K . Write W = U ∩ V . Thus W is an open, convex, and symmetric neighborhood of zero. Therefore
W ⊂ −c1+ int K andW ⊂ −c2+ int K . Since for this fixed c1, the sequence ( c1n ) converges to 0, there exists positive integer
m such that c1m ∈ W . c = c1m , say. SinceW is a symmetric set, then−c ∈ W . Therefore−c + c1 ∈ int K and−c + c2 ∈ int K .
Consequently, we find c ≪ c1 and c ≪ c2. 
Theorem 3.1. Every TVS-cone metric space (X, p) is a topological space.
Proof. For c ∈ int K , let B(x, c) = {y ∈ X : d(x, y) ≪ c} and β = {B(x, c) : x ∈ X, c ∈ int K}. Then, τc = {U ⊂ X : ∀x ∈
U, ∃B ∈ β, x ∈ B ⊂ U} ∪ {∅}is a topology for X .
(τ1) ∅, X ∈ τc .
(τ2) Let U, V ∈ τc and let x ∈ U ∩ V then x ∈ U and x ∈ V , find c1 ∈ int K , c2 ∈ int K such that x ∈ B(x, c1) ⊂ U and
x ∈ B(x, c2) ⊂ V . By Lemma 3.2, find c ∈ int K such that c ≪ c1 and c ≪ c2. Then, x ∈ B(x, c) ⊂ B(x, c1) ∩ B(x, c2) ⊂
U ∩ V . Hence V ∩ V ∈ τc .
(τ3) Let Uα ∈ τc for each α ∈ ∆ and let x ∈ ∪α∈∆ Uα then ∃α0 ∈ ∆ such that x ∈ Uα0 . Hence find c ∈ int K such that
x ∈ B(x, c) ⊂ Uα0 ⊂ ∪α∈∆ Uα . That is ∪α∈∆ Uα ∈ τc . 
Now we give a theorem which enables us to obtain that the topology induced by a certain metric which is coarser than
the topology induced by the cone metric p.
Lemma 3.3. Let (X, p) be a TVS-cone metric space, dp := ξe ◦ p, and x ∈ X. Then (X, dp) is a metric space, and Bdp(x, r) =
Bp(x, re).
Proof. It is known that dp is a metric by Theorem 2.1 in [14]. Now assume that y ∈ Bdp(x, r), then dp(x, y) = ξe(p(x, y)) < r .
By the (iv) of Lemma 2.1, if we have p(x, y) ∈ re − int K , then p(x, y) ≪ re. Finally we have y ∈ Bp(x, re). Similarly
y ∈ Bp(x, re), then p(x, y) ∈ re − int K . By the (iv) of Lemma 2.1, we have dp(x, y) = ξe(p(x, y)) < r . Finally we have
y ∈ Bdp(x, r). 
Lemma 3.4. The class

Bp(x, en ) : n is a positive integer

is a local base at the point x for each x in the TVS-cone metric space
(X, p).
Proof. It is easy to see that · · · 1n+2 e ≪ 1n+1 e ≪ 1n e ≪ e for each positive integer n. We also see that 1n e −→ 0 as n tends to∞where the convergence is in the order obtained by the cone K . Otherwisewe can construct a sequence of positive integers
(nk) such that c− enk ∉ int K for each positive integer k and for a fixed element c in the int K. Hence c− enk ∈ (int K)c for each
positive integer kwhere (int K)c denotes the complement of int K. This implies that c ∈ (int K)c . This is a contradiction. This
completes the proof of the lemma. 
Theorem 3.2. Let (X, p) be a TVS-cone metric space. Then there exists a metric d on X which induces the same topology on X as
the TVS-cone metric topology induced by p.
Proof. Consider the metric defined by dp := ξe ◦ p. Let τdp , and τp denote the topology induced by the metric dp, and the
topology induced by the cone metric p, respectively. It follows from Lemma 3.3 that τdp ⊂ τp, and Lemma 3.5 enables us to
obtain τp ⊂ τdp . Thus the topology of (X, p) coincides with the topology of (X, dp). 
Now we give the following completion theorem for TVS-cone metric spaces.
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Theorem 3.3. Let (X, p) be a TVS-cone metric space. For (X, p) there exists a complete TVS-cone metric space (Xˆ, dˆ) which has
a subspace W that is isometric with X and is dense in Xˆ . This space Xˆ is unique except for isometries, that is, if X˜ is any complete
TVS-cone metric space having a dense subspace W˜ isometric with X, then X˜ and Xˆ are isometric.
Proof. Consider the metric defined by dp = ξ ◦ p. So (X, dp) has a completion (Xˆ, dˆp). By using an improvement of
Theorem 2.2 in [14], one can obtain that a sequence is a Cauchy in (X, p) if and only if it is Cauchy in (X, dp) and a sequence
is convergent to a point x in (X, p) if and only if it is convergent to x in (X, dp). Noticing that dˆp = ξ ◦ pˆ, we get a completion
(Xˆ, dˆp) of (X, dp). It is easy to see that (Xˆ, pˆ) is a completion of (X, p). This completes the proof of the theorem. 
If we take E as a Banach space, then we obtain the result proved in [16,6] as a special case.
Corollary 3.1. A cone metric space (X, p) is complete if and only if (X, dp) is complete.
Now, we give a definition of TVS-cone normed space.
Definition 3.1. Let X be a vector space. A vector valued function ||| · ||| : X → Y is said to be a TVS-cone normed space, if the
following conditions hold:
(CN1) |||x||| = 0⇔ x = 0
(CN2) |||αx||| = |α||||x|||
(CN3) |||x+ y|||-K |||x||| + |||y|||.
The pair (X, ||| · |||) is then called a TVS-cone normed space.
We note that in [5,17,7,8] the case that Y is a real Banach space and called a vector-valued function ||| · ||| : X → Y is a
cone norm if ||| · ||| satisfies (CN1), (CN2) and (CN3). Clearly, a cone normed space in the sense of above mentioned works is
a special case of a TVS-cone normed space.
It is clear that p(x, y) = |||x− y||| is a TVS-cone metric and so dp := ξe ◦ p is a metric on X .
Lemma 3.5. Let (X, ||| · |||) be a TVS-cone normed space. Then ‖ · ‖ : X → [0,∞) defined by ‖ · ‖ := ξe ◦ ||| · ||| is a norm.
Proof. By (CN1) and Lemma 3.2, ‖x‖ = 0 if and only if x = 0. Since ξe(.) is positively homogeneous and (CN2) ‖αx‖ =
ξe(|||αx|||) = ξe(|α||||x|||) = |α|ξe(|||x|||) = |α||||x|||. Applying (vi) and (vii) of Lemma 3.2 and (CN3), we have
ξe(|||x+ y|||)-K ξe(|||x||| + |||y|||)-K ξe(|||x|||)+ ξe(|||y|||) for all x, y, z ∈ X .
That is, ‖ · ‖ satisfies the triangle inequality. So we have obtained that ‖ · ‖ is a norm. 
Theorem 3.4. Any TVS-cone normed space is normable, i.e. the topology of the cone normed space coincides with the topology of
the norm defined in Lemma 3.5.
Proof. Write ‖ ·‖ := ξe ◦ ||| · |||, and d(x, y) := ‖x−y‖ = ξe ◦ |||x−y|||. Then it follows from Lemmas 3.3–3.5 that the topology
of the cone normed space (X, ||| · |||) coincides with the topology of the normed space (X, ‖ · ‖). 
4. Conclusion
We would like to emphasize that the present work contains not only the proofs of metrizability of a topological vector
space valued cone metric space and normability of a topological vector space valued cone normed space, but also some
useful theorems involving Cauchy sequences. Using the theorems obtained in the paper, we suggest to investigate further
results related to convergence of a sequence, and continuity of a function both in a topological vector space valued cone
metric space and a topological vector space valued cone normed space. We also suggest to investigate the case for fuzzy
cone metric spaces and fuzzy cone normed spaces. However due to the change in settings, the definitions and methods of
proofs will not always be analogous to those of the present work.
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